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A periodic binary array is said to be sequential if and only if every line of the 
array is occupied by a given periodic binary sequence or by some cyclic shift or 
reversal of this sequence. Such arrays are of interest in connection with 
experimental layouts. This paper, which deals only with arrays built on the square 
grid, gives some constructions for sequential arrays and some results on the types 
of arrays possible for certain sequences. The x-step circulant arrays are charac- 
terized. A technique for exhaustive search to find all possible arrays with a given 
sequence is outlined and a listing is given for square sequential arrays of period not 
exceeding seven. 
1. INTR~DuCTI~N 
A periodic binary sequence a, = (atI of period n is a sequence of zeros 
and ones such that n is the smallest positive integer for which 
ai=ai+n for all i. 
A periodic binary array A, = {a,} of period n on the square grid is an 
array each of whose rows and columns is a periodic binary sequence of 
period n. Such an array is said to be sequential if the same sequence (or its 
shifts or reversals) occurs in every row and column. Sequential arrays on the 
square grid (and also on triangular and hexagonal grids) are of interest in 
connection with some problems in agricultural statistics [2, 3, 51. Examples 
of sequential arrays are shown in Fig. 1. Any array of period n on the square 
grid may be regarded as consisting of repetitions of an n x n matrix: in 
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FIG. 1. Sections of two sequential arrays with sequence 00 1 1, of period 4, and their 
corresponding matrices. 
particular, if the array is sequential, then its corresponding matrix has the 
same sequence (or its cyclic shifts or reversals) in every row and column and 
will also be called sequential. 
We shall consider two binary arrays to be equivalent if one can be 
obtained from the other by interchanging zeros with ones, or by rotation or 
reflection, or by some finite sequence of these operations. We shall also 
consider two n x n binary matrices to be equivalent if they generate 
equivalent binary arrays; see Fig. 2. 
Two binary sequences of length n are said to be necklace equivalent if and 
only if one can be obtained from the other by interchanging zeros and ones, 
or by a cyclic shift or by reversal, or by some finite sequence of these 
operations. Thus, the equivalence classes are determined by the action of the 
group D,, x YZ, the direct product of the dihedral group of order 2n with 
the symmetric group of degree two [ 11. A binary sequence is said to be self- 
complementary if and only if it can be obtained from its complement by 
cyclic shift, or by reversal, or by some finite sequence of these operations, 
that is, under the action of D,, alone. 
Hence in order to generate all inequivalent binary sequential arrays of 
period n, we start from a complete set of representatives of necklace 
0011 0011 0110 0110 1100 
0011 1100 1001 0110 1100 
1100 1100 1001 JO01 0011 
1100 0011 0110 1001 0011 
FIG. 2. Some equivalent binary matrices, sequential with sequence 0 0 1 1. 
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equivalence classes of binary sequences of length n; from each binary 
sequence in this set we generate the inequivalent sequential n x n matrices. 
Two matrices are regarded as equivalent ~ if one can be obtained from the 
other by a cyclic shift with respect to rows or columns, by rotation, by 
transposition, by complementation, or by any finite sequence of these 
operations. Thus, if we let u denote the cyclic rotation of rows that takes row 
i to row i - 1 (modulo n), u the corresponding rotation of columns, w  the 
rotation of the matrix clockwise through a right-angle, and x transposition, 
then the equivalence classes are determined by the action of the group 
H = G x Yl, where for n > 3, 
G=(u,u,w,x~u”=u”=~~=~*= l,uu=uu, 
uw = WV, 24x = xv, xw = w3x, uw = wu-‘, ux = xu). 
We use the notation uk to denote a string of k copies of the symbol a; thus 
O3 l* denotes 00011. For certain sequences to which we refer frequently, we 
use the following notation: 
7r, = O”-‘1; p” = o”-*l*; un = o”-3101. 
Any sequential matrix having II, as its sequence is a permutation matrix and 
is denoted by P,; similarly, those with sequences pn and u, will be denoted 
by R, and S,, respectively. As usual, 0, denotes the n X n matrix with all 
entries zero; J, denotes the n x n matrix with all entries one. 
We use the term x-step circulunt to mean an n x n matrix such that 
%jtx = a,-1.j 
for all i, j = 1, 2 ,..., n, for some fixed x, where subscripts are added modulo n. 
Thus a l-step circulant is just the usual circulant. Further, we use the term 
“circulant” to include back-circulant matrices, since the two are equivalent 
under the action of the group G. 
Section 2 deals with construction of new sequential matrices from old 
ones; Section 3 deals with possible sequential matrices arising from a given 
sequence. In particular, the x-step circulants are characterized. Section 4 
outlines the algorithm for computing all inequivalent sequential matrices 
with some given sequence, and Section 5 lists all binary sequential arrays of 
period not exceeding seven. 
2. NEW SEQUENTIAL MATRICES FROM KNOWN ONES 
The Kronecker product A @B of matrices A and B is defined as usual by 
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Thus if A is m X n and B is p x q, then A @ B is mp x nq. The Kronecker 
product of two sequential matrices is not in general sequential: for example, 
if A is the matrix of Fig. 3, then the first row of A @A is 
oi4 1*0 1 o* 1*0 1 o8 1*0 1 3 
whereas the second row is 
and these two sequences are not equivalent. Further, for the same matrix A, 
the Kronecker product of I, @A has first row 
o* I2 0 1 o6 9 equivalent to OS 1’ 0 1, 
whereas its third row is 
l2 o* 10’. 
Again these are not equivalent sequences. 
However, for any sequential matrix B, with sequence /3, = b, b2 m-e b,, the 
matrices B, @J,,,, J, @ B,, and B, @P,, are sequential with sequences 
byb’: a-- b;, 
(b, 4 ..a b,)m, 
and 
b,0”-1b2()“-1 . . . b,O”-‘, 







FIG. 3. Sequential binary matrix A, with sequence 0 0 1 1 0 1. 
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We also have a doubling construction. Let A,, and B, be two (possibly 
identical) sequential matrices with the same sequence 
a, = a,a2 +-- a,. 
Let C,, and D,, be the matrices defined by 
respectively. Now apply to the rows of Czn the permutation which, for 
1 < i < n, takes row i to row 2i - 1 and row n + i to row 2i. Apply the 
corresponding permutation to the columns. This gives a matrix X-‘C,,X, 

























1 1 I 
11 1 











FIG. 4. Construction of sequential matrix of size 2n from those of size n. C,, has 
sequence 00 110 1 for A, and B,; X-‘C,2X has sequence 0000 10 1000 10= 
OS 1 0 103 1. 











I’ 6 X 
FIG. 5. X-'P,X = P,, so P, is not equivalent to 
under given permutations of rows and columns. 
Similarly X-‘D,,X is sequential with sequence 
a,la,la,l *‘*a,-,la,l. 
Figure 4 shows an example where the sequence 0 0 1 10 1 has a zero 
inserted following each entry to give 
oooo10100010=os101031. 
Not every sequential matrix with sequence PZn such that 
b, = b, = . . . = b,,, 
can arise in this manner. For example, the permutation matrix P,, shown in 
Fig. 5, has sequence 
7rr,=ooooo 1, 
but it cannot arise from any matrix of the form 
by permutations of both rows and columns as described above. 
3. SEQUENTIAL MATRICES WITH CERTAIN SEQUENCES 
For certain special sequences, we can characterize at least some of their 
sequential matrices. 
THEOREM 1. Let R,,S,, be sequential matrices with sequences 
pn = 0”-‘12, on = On-‘101, respectively. Then 
SEQUENTIAL BINARY ARRAYS 41 
(i) R, is circulant, or n = 2m and R, = P, 0 J, ; 
(ii) S, is circulant, or n = 2m and 
1 X. 
Here Rgj and Rf,f’ are (possibly identical) sequential matrices with sequence 
pm, and X is the permutation matrix of Section 2. 
Proof: (i) Without loss of generality, we may assume that r,,k = 0 for 
k = 1, 2 ,..., n - 2 and rl,n-l = rI,” = 1. Since columns n - 1 and n of R, 
must also contain pn, two cases arise. 
(a) First, r2,n-l = r,,, = 1. 
Again rows 2 and n of R, contain p,,; hence, 
r 2,n = r,,,- 1 - 1, 
and a repetition of this argument shows that R, is circulant. 
(b) Secondly, r2+n-, = r2,n = 1. 
Then, for some k such that 1 < k < n - 3, 
we must have 
hence 
‘3.k = r3,k+ 1 - - 1; 
r4.k = r4,k+ 1 - - 1. 
Repetition of the argument shows that the ones in R, must occur in 2 x 2 
blocks; so n must be even, say, n = 2m. Then we have 
r2a-l.2p-l = r2a-I,2p = r2a,2u-1 =r2n,2r-l 
for L = 1, 2 ,..., m, where ,u runs through 1, 2 ,..., m in some order. We define 
an m x m matrix P by 
pij= 1 if r2i-l,2jel = r2i-I,2jcr2i,2j-I = rzi,zj= 1 
=o otherwise. 
Then P is the required P, with sequence z,, and R, = P, 0 J2. 
(ii) Without loss of generality, we may assume that 
s -0 I,k - for k=l,2 ,..., n-3,n-1 
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and 
s l,n-2 = S1.n - - 1. 
Since columns n - 2 and n of S, must also contain u,,, two cases arise. 
(a) First, s~,~-~ = s, -,,” = 1. 
Since rows 3 and II - 1 also contain u,,, this implies that 
s 3,n-4 = sn- 1.2 - -1 
and a repetition of this argument shows that the sequence u, is circulant 
through the rows...n-3, n-l, 1,3,5...and columns+..n--4, n-2, 
n, 2,4 * * * . If n is odd, this means that S, is circulant; if n is even, say, 
n = 2m, we have a circulant m x m submatrix C consisting of the entries 
sqi- ,,2j for i, j = 1,2,..., m, and we know that the submatrices A and l3 with 
entries S2i- i ,2j- 1 and s2i,Zj, respectively, are zero matrices. We have only to 
determine D with entries sZi,2j- I ; but D is sequential with sequence pm. 
(b) Secondly, s~,~-~ = s~,~ = 1. 
Then, for some h such that 1 < h < n - 3, h # n - 4, we must have 
hence, 
SS,h = ‘5,h+2 = 1; 
S l,h = Sl,hf2 - - 1. 
Repetition of this argument shows that the alternate rows (and columns) of 
S, must be paired; thus rows 1 and 3, 5 and ‘7, and so on, must be paired; 
similarly, columns n - 2 and n, 2 and 4, and so on, must be paired. Such a 
pairing is only possible if n is divisible by four, say, n = 4k; then we have a 
2k x 2k submatrix C consisting of the entries sZi- i ,2j for i, j = 1, 2,..., 2k, and 
C = P, @J,. We know that the submatrices A and B, with entries s2i- 1,*j- I 
and szi,zj, respectively, are zero matrices. We have only to determine D with 
entries sqt 2j-,; again, D is sequential with sequence p2k. 
Hence, if n is odd, only case (a) can arise and S, is circulant; if n = 2% 
whether S, is circulant or not, permuting odd-numbered rows and columns 
to the first m positions and even-numbered rows and columns to the last m 
positions shows that 
s,=x-’ [; ;]xLx-l[;$ T]x, 
where R In’), Rg), are sequential with sequence p” = Om-212 and X is the 
permutation matrix of Section 2. If m is itself odd, then R’,” and R!,f) must be 
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11 FE 11 11 0 1 1 3; 
FIG. 6. Sequential arrays S,, with u6 = 0’ 1 0 1. (a) The three inequivalent sequential 
matrices S with sequence o6 = O3 1 0 1. (b) Corresponding matrices after permutation of rows 




R’z’ 3 0 ’ 3 1 
circulant; if m = 2k, then Rg’ and RE’ may be circulant or may be of the 
form Pk@ J2. 1 
Figures 6 and 7 show some examples. 
We can also characterize x-step circulant sequential arrays in terms of 
certain subsets of Z,, the integers module n. Let D G Z,, and let its 
incidence sequence 6, be defined by 
11 
O4 11 1 
11 3 11 11 l1 0 4 11 
FIG. 7. One of the thirteen inequivalent sequential arrays S,, and its corresponding 
matrix 
after permutation of rows and columns. 
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where 
d,= 1 ifi E D 
=o otherwise. 
Then any shift y + D, the set -D of negatives modulo n, and the complement 
Z,\D, will have incidence sequences which are necklace equivalent to 6,. 
THEOREM 2. Let D c Z, , D f 0, and let D have incidence sequence 6,. 
Then, for x E Z,, x # 0, gcd(x, n) = 1, there exists an x-step circulant 
sequential matrix with sequence 6, tf and only tf 
x(k+D)=+(k+D) 
for some shift, k + D, of D. For y = f x, f x- ’ (and for no other y), the y- 
step circulant sequential matrices with sequence 6, generate equivalent 
sequential arrays. 
Proof. Without loss of generality, we may assume that we are dealing 
with D itself and the sequential matrix C, has initial row 
COOI qll,..., co,,- 1 - - d 0, d, ,..., d,_, . 
Since C, is x-step circulant, the next row is 
Cl03 C11Y.9 Cl,“-1 = d,-,,..., d,- 1, do, 4 ,..a, Lx- 1, 
and so on. 
Certainly all the rows of C, contain cyclic shifts of the sequence 6,. The 
columns of C, contain the sequence 
do, d,-,, dn-zx,...r d, 
and its cyclic shifts. Since x and n are co-prime, this sequence certainly runs 
through the n terms of 6,. It is equivalent to S, if and only if either i E D 
precisely when xi E D, or i E D precisely when -xi E D. This proves the 
first part of the theorem. 
Since C, is x-step circulant, the term do occurs in positions (i, ix); more 
generally, d, occurs in positions (i, ix +j). Since gcd(x, n) = 1, there exists 
X - ’ modulo n; so we may also say that dj occurs in positions 
((k -1) x-l, k). In particular, do occurs in positions (0, 0), (x-‘, l), (2x-‘, 2), 
and so on; so Ci is x- ‘- step circulant. The horizontal reflections of C, and 
Cr are then (-x)-step and (-x-‘)-step circulant, respectively. No other 
directions are possible. m 
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Note that there may be non-circulant sequential matrices with sequence 
6,. For instance, if D = { 1,2,4} c Z,, then an exhaustive search showed 
that there are eight inequivalent sequential matrices with sequence 6,, of 
which two are circulant. If D = { 1,4, 13, 16) c Z1,, then the only sequential 
matrices with sequence a,, are the circulants. 
Some obvious applications of this theorem follow. 
COROLLARY 2.1. Let D = {0}, so that XD = D for all xE Z,, and 
6, = n,. Then each of the 4(n) values of x co-prime to n leads to an x-step 
circulanfi P, . I 
For instance, if n = 7, we have two inequivalent circulant possibilities for 
P, : one for x = 1 or 6, the other for x = 2, 3,4, 5. If n = 8, we have one 
circulant P, for x = 1 or 7 and one for x = 3 or 5. 
COROLLARY 2.2. Let D be the set of quadratic residues module a prime 
p = 4k - 1. Then there exist exactly k inequivalent circulant sequential 
matrices with sequence 6,. 
Proof: Since p = 3 (mod 4), we have Dn(-D)=0 and 
DU(-D)U(O}=Z,. Hence xD=fD for any xEZ,, x#O. Of the 
4k - 2 possible values of x, two (namely, 1 and -1) give one circulant 
matrix and the remaining 4(k - 1) values give k - 1 distinct circulant 
matrices, since (x, -x, x-i, -x- ‘} contains four distinct values when 
x # f 1. Hence, we have a total of k distinct circulant sequential 
matrices. I 
Similar arguments prove the following results and related results 
concerning other cyclotomic classes. 
COROLLARY 2.3. Let D be the set of quadratic residues module a prime 
p = 8k + 1 or 8k + 5. Then there exist exactly (k + 1) distinct circulant 
sequential matrices with sequence 6,. I 
COROLLARY 2.4. Let p, p + 2, be twin primes with a common primitive 
root g, so that D = (2’, 2’, 22 ,,.., 2(p2-3”2, 0, p + 2, 2(p + 2) ,..., 
(P - l)(P + 91 is a dtrerence set modulo p(p + 2)[4]. Then there is an x- 
step circulant sequential matrix with sequence 6, for x equal to any power of 
2. I 
COROLLARY 2.5. Let D be a Singer dtgerence set, module n =p2k + 
pk $ 1, for p prime [4]. Then each element x of its multiplier group gives an 
x-step circulant sequential matrix with sequence 6,. I 
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11 11 111 
11 11 111 
11 11 111 
1 1 11 111 
1 11 111 
1 11 111 1 
11 111 1 
11 111 11 
11 111 1 1 
1 111 11 
111 11 1 
111 11 11 
.ll 11 11 
1 11 111 
11 1111 
xr-1 
11 11 111 
11 111 11 
1 1 11 111 
11 111 1 
11 111 
1 111 1 
11 1111 
111 11 
11 11 111 
111 11 II 
11 111 1 
11 111 
: 11 11 111 1111 1 
11 111 11 





111 11 11 
11 111 1 1 
11 11 111 
FIG. 8. x-step circulant sequential arrays with sequence a,,. 
Figures 8 and 9 show examples for two sequences. First, if we choose 3 
and 5 as the twin primes in Corollary 2.4, we have 
with sequence 
D = (0, 1,2,4, 5,8, 10) modulo 15, 
Possible values of x such that fD = XD are x = fl, f2, f4, lt8. Since 
4 = 4-r and 2 = 8-r (mod 15), we have exactly three inequivalent circulant 
sequential arrays with sequence a,,; these are the x-step arrays, with 
x = 1, 2,4, shown in Fig. 8. 
Secondly, choose p = 2, k = 2, so that n = 21 in Corollary 2.5. This leads 
to the difference set 
D = {0, 1, 6, 8, 18) modulo 2 1, 
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I 1 1 11 11 1 1 1 1 
I 1 11 11 
1 11 11 
1 11 1 1 
1 11 11 
1 11 11 
1 11 1 1 
1 11 11 
1 11 1 1 
11 11 1 
11 11 1 
11 1 11 
11 1 11 
11 1 11 
1 1 11 1 
1 1 11 1 -- 
(a) x=1 
-- 
1 11 1 











11 1 1 
1 11 11 
1 11 11 
11 1 11 
1 11 11 





1 1 11 1 
1 11 1' 1 
11 1 11 
1 11 1 1 
11 1 1 
11 1 11 
1 11 11 
1 11 1 
1 
1 - 
(Li) x = 8 
FIG. 9. x-step circulant sequential arrays with sequence ~5~~. 
with sequence 
6,, = 1* o4 1 0 1 og 1 o* 
and multipliers 1 and 8 (mod 21). Since 8* 3 1 (mod 21), there are just two 
inequivalent circulant sequential arrays with sequence 6,,; these are shown 
in Fig. 9. 
582a/32/1-4 
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1 1 11111 1 11 + 
11 1 11111 1 1 
11 1 11111 1 1 - 
1 1 11111 1 11 + 
1 1 1 11 ltllll - 
11 1 11111 1 1 I - 
- - - - +----+----+----+ 
FIG. 10. Sequential array of period 20, with four columns running down (+) and six rows 
running forward (+). with sequence 0’ 1 0 1 O2 1’ 0 1 0 1’. 
Note that an x-step circulant sequential array of period n, where 
g&(x, n) = k > 1, is in fact periodic of period dividing n/k. But this 
contradicts our definition of period n, which is always the smallest possible 
period for the sequence. Hence Theorem 2 characterizes all circulant 
sequential arrays. 
For many sequences of even length, the sequential arrays have the 
property that either all rows run in the same direction or half the rows run in 
each direction. This is not always so, as shown by the example in Fig. 10, 
where an array of period 20 has exactly six rows in one direction and exactly 
four columns in one direction. 
4. OUTLINE OF THE SEARCH ALGORITHM 
The given sequence of period n is taken to be the first row of the matrix, 
and all its shifts and reversals are listed for testing (in numerical order) as 
possible rows and columns. The search is organized by backtracking: among 
the available sequences, the earliest possible is tried out for the first column, 
then the earliest possible for the second row, then for the second column, and 
so on. After each choice of row or column, each new subsequence is 
examined, If any subsequence not contained in the given sequence has arisen, 
the last choice of row or column is discarded and the search backtracks to 
the next earlier stage. 
As each matrix is completed the operations of the group G (see Section 1) 
are applied to it, and the resulting matrices are checked against those already 
SEQUENTIAL BINARY ARRAYS 49 
stored. The first matrix generated in a new equivalence class is stored as the 
class representative, and the number of matrices equivalent to it arising 
during the search is recorded. 
For n > 3, G is a semi-direct product of 
ZnXZn=(U,UJ#n=un= l,uu=uu) 
with the dihedral group 
D,=(w,xlw4=x*= l,xw=rv3x) 
and has order 8n*. Since we have specified that the first row of the matrix is 
taken to be the original sequence, we are allowing at most 8n2/2n = 4n 
equivalent matrices to occur if the sequence is not a palindrome, and 
similarly at most 8n matrices if the sequence is a palindrome. 
The table of Section 5 lists all binary sequences of period n, for n = 2,..., 7, 
up to necklace equivalence. For each sequence, the number of equivalence 
classes is given, and a representative of each class is listed in the following 
way. Consider the sequential array with sequence O* 1’ 0 1 (Fig. 3). This 
sequential array is described as 1, -2, -4, 1, -4,5; this notation means that 
the given sequence starts in column 1 of the first row and runs left to right, 
in column 2 of the second row and runs right to left, in column 4 of the third 
row and runs right to left, and so on. If the sequence is a palindrome, signs 
are omitted from the listing. 
Column 5 of the listing. specifies the number of matrices found during the 
search, which are equivalent to the listed one. If this number is as large as 
possible, then column 6 is empty; otherwise, column 6 lists symmetries of the 
corresponding array, other than the obvious shifts of n in each direction, 
which generate the group K of the array. The order of K, multiplied by the 
number of matrices in the equivalence class, must equal 8n if the sequence is 
a palindrome, and 4n if it is not, providing a check on the results of the 
program. For n = 2, G reduces to D,, and the order of this product to 4. 
If the sequence is not self-complementary, this completes the classification. 
But for a self-complementary sequence, we must check each sequential 
matrix which represents a G-equivalence class against its complement. In 
other words, we must allow for the action of the whole group H = G x Y2. 
For n < 7, 0 0 1 0 1 1 is the only self-complementary sequence for which this 
matters: its 20 G-equivalence classes reduce to 13 H-equivalence classes as 
indicated in the table. The G-equivalence classes are listed since it is easier to 
use them for checking the results as explained above. 
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5. SEQUENTIAL ARRAYS WITH PERIOD n, 2< n<7 
Number of Class Number Symmetries 
n Sequence classes representatives per class of array 
01 1 
00 1 1 
000 1 2 
0011 2 









1. 3, 2 
1, 3, 4, 2 
1, 4, 3, 2 
1, 1, 3, 3 
1, 4, 3, 2 
I, 5. 3, 4, 2 
1, 4, 3, 5, 2 
1, 3, 5, 2, 4 
1, 5, 4, 3, 2 
1, 5, 4, 3, 2 
1, 5, 4, 3, 2 
1, 6, 4, 3, 5, 2 
1, 5, 3, 6, 4, 2 
1, 5, 3, 4, 6, 2 
1, 6, 4, 5, 3, 2 
1, 5, 6, 3, 4, 2 
1, 6, 3, 4, 5, 2 
1, 3, 5, 4, 6, 2 
1. 5, 3, 6, 2, 4 
1, 4, 3, 6, 5, 2 
1, 6, 5, 4, 3, 2 
1, 1, 5, 5, 3, 3 
1, 6, 5, 4, 3, 2 
1, 6, 3, 4, 5, 2 
1, 6, 3, 2, 5, 4 
1, 6, 5, 4, 3, 2 
1, 1, 6, 4, 4, 3 
1, 1, 1, 4, 4, 4 
1, 6, 5, 4, 3, 2 
I,-6,-6, l,-5, 6 
l,-6,-6, 1, 2,-l 
1,-6, 3, l,-6,-2 
I,-6,-5, I,-6, 6 
l,-6,-6, 1. 3,-2 






































u v2, w2, x 
ll* u2 w, w2,x 
u v’, w*, x 
u2 v2, w,x 




24 v4, w*, x 
24 v4, w*, x 






u3 v’w, w*,x 
u3v3 w* x 2 1 
u3 wx, w*,x 
u2 v* , w*,x 
u VT, w2,x 
u* v2, w2, x 
u d, w*,x 
u3 wx.w*.x 
u* v2, w2,x 
u v5, w*, x 
u3 v3 x 3 
u’ v’, w, x 
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Number of Class Number Symmetries 
n Sequence Classes representatives per class of array 
- 
I l,-6, 3,-2, 2,-l, 2,-l 3 2 12 
1 1, -5,-6,-l, 2, 3, -2, -6, 2, -1 6 12 
1 1, -5, -6, 6, -5, 6 2,-6, 1 -6,-l 12 
1 1, 3, 2,-L-6, 2 -6,-2,-l, 6 
l,-6,-6, l,-6, 1 6 
L-6,--3, l,-6, 4 6 
1, 5, 3, 4, 2, 6 6 
l,-6, 3,-2, 5,-4 2 
l,-6, 5,-4, 3,-2 2 
1, 2, 3, 4, 5, 6 2 
7 0000001 28 1, 7, 4, 5, 3, 6, 2 56 
1, 6, 7, 4, 3, 5, 2 56 
1, 6, 3, 7, 4, 5, 2 56 
1, 5, 3, 6, 4, 7, 2 56 
1, 7, 5, 4, 6, 3, 2 28 
1, 7, 4, 6, 3, 5, 2 28 
1, 7, 4, 3, 5, 6, 2 28 
1, 6, 4, 7, 3, 5 2 28 
1, 6, 4, 5, 3, 7, 2 28 
1, 6, 5, 3, 7, 4, 2 28 
1, 6, 4, 3, 7, 5, 2 28 
1, 6, 4, 3, 5, 7, 2 28 
1, 6, 3, 5, 7, 4, 2 28 
1, 6, 3, 5, 4, 7, 2 28 
1, 5, 6, 3, 4, 7, 2 28 
1, 5, 3, 7, 4, 6, 2 28 
1, 6, 3, 5, 7, 2, 4 28 
1, 7, 6, 4, 5, 3, 2 14 
1, 7, 4, 5, 6, 3, 2 14 
1, 7, 5, 6, 3, 4, 2 14 
1, 7, 5, 4, 3, 6, 2 14 
1, 7, 4, 3, 6, 5, 2 14 











u3 v3, w2 x 
u* v4, w*, x 
u* v4, w*, x 
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Number Class Number Symmetries 
n Sequence classes representatives per class of array 
1, 6, < 7, 5, 3, 4, 2 14 w2, x 
1, 4, 3, 6, 5, 7, 2 14 w2, x 
1, 6, 3, 7, 5, 2, 4 14 w2, x 
1, 4, 7, 3, 6, 2, 5 4 u u3, w2 
1, 7, 6, 5, 4, 3, 2 2 u d, w2, x 
0000011 1 1, 7, 6, 5, 4, 3, 2 2 u U6, w2, x 
0000111 1 1, 7, 6, 5, 4, 3, 2 2 u v6, w2, x 
0000101 1 1, 7, 6, 5, 4, 3, 2 2 u v6, w2, x 
0001001 1 1, 7, 6, 5, 4, 3, 2 2 u u6, w2, x 
0001011 8 L-3, 7,-7,-1,-6, 3 14 x 
1, 7, 4, 2, 6, 3, 5 14 X 
1, 7, 4,-4, 6,-7,-6 14 X 
L-5, 6,-6,-l,+ 5 14 X 
1, 6, 7, 3, 4, 5, 2 14 X 
1, 4, 6, 5, 7, 2, 3 14 X 
1, 6, 4, 2, 7, 5, 3 4 u v5 
1, 7, 6, 5, 4, 3, 2 2 u v6, x 
0010011 1 1, 7, 6, 5, 4, 3, 2 2 u v6, w3, x 
0010101 1 1, 7, 6, 5, 4, 3, 2 2 u v6, w2, x 
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